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INTKODUCTION AND MAIN RESULTS 
Let G = G0 @ Gi be a Lie superalgebra, and U the enveloping algebra of 
the Lie algebra Go,. G also has an enveloping algebra V”, which is a 
Z,-graded associative algebra; U is an entire subalgebra of V, and V is a 
finite type free U-module. This is easily seen from the Poincart-Birkhoff- 
Witt (P.B.W.) theorem, which holds not only for Lie algebras, but also for 
Lie superalgebras. 
Unfortunately, many examples are known of superalgebras G having a 
non entire enveloping algebra, and this is a little disheartening, because 
computations become very involved! 
For instance, construction, or even complete classification of primitive 
(or prime) ideals of I/ has been carried out for some series or particular 
cases of Lie algebras G0 (e.g., [6]), but there is no similar result in the case 
of superalgebras. Finally, the relation between primitive (or prime) ideals 
of V and ideals of U, which is highly related to the reduction of irreducible 
V-module into U-modules, does not seem very clear. 
In this paper, we give a very detailed study of the enveloping algebra V” 
of the orthosymplectic complex superalgebra G = osp( 1, 2). In this case, 
G0 = s1(2), and the enveloping algebra of G0 is very well known (e.g., 
[ 5, 11). G is simple and also semi-simple (in the sense of [S] ), and it is 
exactly an analogue for superalgebras of the Lie algebra sl(2); irreducible 
Harish Chandra modules of G are known [3]. As a first result, our study 
will provide an example of a simple superalgebra having an entire envelop- 
ing algebra, since we shall show that it is the case if G = osp( 1, 2). We shall 
then give a complete detailed classification of all primitive (or prime) ideals 
of V, and compare with the well-known classification of U [IO]. This will 
reveal very deep differences and singularities between Lie algebras and Lie 
superalgebras, even in the case of the simplest ones! 
219 
0021.8693/90 $3.00 
Copyright ic? 1990 by Academic Press, Inc. 
All rights 01 reproduction in any form reserved 
220 GEORGES PINCZON 
Let us now give our main results (unexplained notations and conven- 
tions can be found in Sections (0) and (1)). 
In Section (1 ), we study some first consequences of the relation 
4Q2-(8C-l)Q+2C(2C-l)=O 
which holds in “Y-, between the respective Casimir operators Q and C of U 
and V. In our opinion, this relation is the key to the structure of V. 
A general result of [7], which is true for any superalgebra, states that 
irreducible Y-modules always split into a finite sum of indecomposable 
U-modules. In the case of G = osp( 1,2), we prove: 
THEOREM 1. Let V = V0 0 Vi he an irreducible “Y-module; then V0 and 
Vi are irreducible U-modules. 
We then make precise what happens if we forget the Z,-grading of V: 
THEOREM 2. Let V be an ordinary (not a priori Z,-graded) finite dimen- 
sional Y-module. There exists a grading VO@ VI for which V is a Z,-graded 
Y-module. 
As a corollary, Burnside’s theorem holds for finite dimensional 
Z,-irreducible V-modules. 
In Section (2) we prove: 
THEOREM 3. Y is entire. 
The standard Lie algebras argument (which is the P.B.W. theorem) does 
not work, and our proof makes use of a new filtration of V; the corre- 
sponding grading operation is interpreted as a simple Inonu-Wigner 
contraction process. 
Let us briefly discuss a more general problem: which simple Lie super- 
algebras do have an entire enveloping algebra? It can be checked that such 
a superalgebra, if classical, must be of type osp( 1,2n); when n = 1, the 
answer is given by Theorem 1. It would be interesting to find the answer 
for general n. 
Now, we come back to G = osp( 1,2). In Section (3), we reduce the 
adjoint representation of G in V. This will be the key to finding primitive 
ideals. Let us recall the well-known classification of irreducible representa- 
tions of Go and G (e.g., [S]). We denote by D(h) (resp. 9(h)), 2hE N, the 
irreducible Go-module (resp. G-module) of dimension (2h + 1) (resp. 
(4h + 1)). For D(h) (resp. 9(h)), the value of the Casimir operator Q (resp. 
C) is q = h(h + 1) (resp. i = h(2h + 1)/2). As a Gr,-module, 9(h) splits into 
D(h)@D(h - $), if h #O, and the values of Q are q0 = h(h + 1) and q1 = 
(h - i)(h + 4). 9(O) = D(0) is the trivial representation. We prove: 
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THEOREM 4. There exists a submodule 2 of the adjoint representation of 
G in Y such that 
v=x@(c-n)r, V/lE @. 
One has YZ’=C,.~H,@V,+,, where H,E -9(n), and V,+z- 
9(n + f). We note that all finite dimensional irreducible representations 
appear in the reduction. 
In Sections (4), (5), (6), and (7), we study the quotient algebra gi = 
Y/(C- A)Y, A E @, and our results lead to a complete classification of 
prime and primitive ideals of “Y-, which is proved in Section (8): 
Given A E @, we denote by 9;. = (C - 1*)-Y-. When 1= h(2h + 1)/2, 2h E N, 
we denote by yA the kernel of 9(h). When A= -l/16, we denote by 4 the 
two sided ideal 4 = (Q - 3C) Y + Y- i1i6. 
THEOREM 5. (1) When 1# -l/16, 9j. is maximal if and only if i # 
h(2h + 1)/2, 2h E N. ~j. is never completely prime. 
(2) When ,? = h(2h + 1)/2, 2h E N, 9;. is maximal, and one has +$1 = 
CC n > 2h + , (H, @ V, + , )] @ 4.. yj, is completely prime if and only if A = 0. ,a, 
is primitive. 
(3) When /1= -l/16, Yj, is not semi-prime (and a fortiori not 
primitive). 
(4) 9 is primitive, maximal, and completely prime. The quotient 
algebra Y/Y is the Weyl algebra. One has 9 = (I,, b 0 V, + 2 ) @K ,,16. 
(5) Let 2 be a prime (resp. primitive, resp. completely prime) non zero 
ideal of “Y; then f is one of the prime (resp. primitive, resp. completely 
prime) ideals in the above list. 
(6) Any prime non zero ideal of Y is primitive. 
Note that (0) is completely prime (Theorem 3) but not primitive. In 
order to compare, let us recall the corresponding classification for U (e.g., 
L-101): 
Let Z,=(Q-q)U, qEC, J,=KerD(h) when q=h(h+l), 2hEN; then 
Z, is always primitive and completely prime, maximal if q # h(h + l), 
2h E N, contained in J, otherwise. Primitive (resp. prime non zero) ideals 
of U are exactly the ideals in this list. 
What are the principal differences between U and Y? A striking one is 
the existence of the metaplectic case 1= -l/16, which is completely 
singular: for instance, 9- i/i6 is not even semi-prime! A second one is the 
existence of only three completely prime ideals in V, (namely {0}, fO, and 
9) and the fact that Y>. is never completely prime. This means that the fact 
that Y is entire is completely lost in most irreducible infinite dimensional 
representations. It is not at all the case for U, which has, from this view- 
point, a much more rigid entire structure than V. 
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Finally, in (9), we compute the Krull dimension of V(G), when G is a 
general Lie superalgebra. Let us note that we have to define two notions of 
Krull dimension for V(G): the first one is the deviation of the ordered set 
of Z,-graded left ideals in V(G), let us say sKdim V(G); the second one 
is the ordinary Krull dimension K dim V(G), defined as the deviation of 
the ordered set of ordinary left ideals in V(G), (see, e.g., [6]). Obviously 
SK dim Y(G) d K dim V(G). Moreover, using the canonical filtration of 
V(G), we define the associated graded algebra Gr V(G), and it is known 
that Kdim V(G) < Kdim Gr V(G) [6]. If {Xi, . . . . X,,} is a basis of Go, 
and { Y, , . . . . Y,} a basis of Gr, by the P.B.W. theorem, Gr V(G) = 
ccx,, ..*, X,]@/i( Y,, . . . . Y,). Since /1( Y,, . . . . Y,) is artinian, Kdim Gr V(G) 
= K dim @[X, , . . . . X,] = n. So the inequality K dim V(G) d dim Go holds, 
as was remarked in [2]. Our result gives a better estimate: 
THEOREM 6. One has SK dim V(G) = K dim V(G) = K dim ^Y-(Go). 
Specializing to G = osp( 1, 2), we obtain K dim “V(G) = 2. 
0. GENERAL CONVENTIONS 
All (Lie, or Lie super, or associative) algebras considered in this paper 
are algebras over the field of complex numbers C. Associative algebras 
always have a unit element. When (Lie or associative) Z,-graded algebras 
are concerned, all considered objects are implicitely assumed (if the con- 
trary is not mentioned) to be Z,-graded (so modules (or representations) 
are Z,-graded modules, submodules are homogeneous submodules, ideals 
are homogeneous ideals, irreducibility is Z,-irreducibility, etc.). 
Given an (ordinary, or Z,-graded) associative algebra, we use the 
following terminology: 
A is a semi-prime algebra if any two sided nilpotent ideal of A vanishes. 
A is a prime algebra if the product of two non zero two sided ideals of A 
is a non zero ideal of A. A is entire if it has no zero divisors. A is primitive 
if it has a faithful irreducible representation. A is quasi-simple if its only 
two sided ideals are (0) and A. 
Given a two sided ideal I# A of A, we say that: 
I is a semi-prime (resp. prime, resp. completely prime, resp. primitive) 
ideal if A/Z is a semi-prime (resp. prime, resp. entire, resp. primitive) 
algebra. 
Let us recall that primitive ideals are prime (e.g., [6]). Completely prime 
ideals are prime, and prime ideals are semi-prime. Moreover, a maximal 
two sided ideal is primitive. 
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1. REMARKS ABOUT REPRESENTATIONS OF THE 
ORTHOSYMPLECTIC SUPERALGEBRA osp(l,2) 
We define the orthosymplectic super-algebra G = Go 0 Gi by the respec- 
tive bases { Y, F, G} of GO, {E,, Ep } of Gt, and the commutation rules 
C Y, Fl = F, [Y,G]= -G, [F, G]=2Y 
C Y, E, I= fE,/L [F,E+]=[G,Ep]=O, 
[F, E-1 = -E+, [G,E+]= -E- 
(1.1) 
CE+,E+l=F> [Ep, E-1 = -G, [E,, E-1= Y. 
G is a simple superalgebra, and Gc, = sl(2). Denote by V = V(G) (resp. 
U= V(Go)) the enveloping algebra of U (resp. Go). By the P.B.W. 
theorem, V is a finite type free U-module, and since U is noetherian, V is 
a noetherian U-module, and, a fortiori, a noetherian algebra. 
The Z,-grading G = Go 0 Gt induces a natural Z,-grading V = V0 0 6, 
so Y is a Z,-graded associative algebra. Note that V0 # U (e.g., E, E- E V. 
and E, E- 4 U). Any G-module is a V-module, and conversely, so we shall 
make no difference between the two notions. 
We introduce the Casimir element Q = GF+ Y + Y* = FG - Y + Y* and 
the center Z = C [ Q] of U. We denote by C the Casimir element of “tr, C = 
Q - (E, E_ - Ep E+)/2. Q and C are related, as shown by the following 
proposition: 
(1.2) PROPOSITION. 4Q*-(8C- l)Q+2C(2C- l)=O. 
ProoJ: Let us note [E,, E-l9 = E, Ep -E-E+. One has [C, Q] = 
[C, [E,, E-l91 = [Q, [E,, E.-l,] =0 and therefore, the relation to be 
proved can be written as 
Q= [E,, E-l,+ [E,, E-l&. 
Using [E+Ep],=2E+Emm -Y, and [Y,E+E-]=O, we have to estab- 
lish 
Q=-4E:E:-Y+Y* 
which is valid since F = 2E: and G = -2Ey . Q.E.D. 
It is well-known [7] (and easily obtained from the fact that V is a 
noetherian U-module) that any finitely-generated V-module splits into a 
direct sum of a finite number of indecomposable U-modules. For 
irreducible V-modules, one can be much more precise: 
481:132,‘1-I5 
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( 1.3) THEOREM 1. Let V = VO @ Vi be an irreducible Y-module; then V/O 
and V/i are irreducible U-modules. 
Proof. Assume that V’ is a U-invariant subspace of V,, and let W= 
V’ + E, V’ + Ep V’. 
From the commutation rules (1, 0), it is obvious that W is invariant 
under Y, F and G. 
From the relations 
E,Em =Q-C+YJ2, E E, =C-Q+ Y/2, 
and Quillen’s lemma [3], which gives that C is a scalar operator, we 
deduce that E, Ep V’ c V’, E E, c V’, and therefore E + maps E_ V’ 
into V’ and Ep maps E, V’ into V’. Moreover, since E: = F/2, 
ET = -G/2, we obtain that E, maps E, V’ into V’ and Ep maps E V’ 
into V’. Therefore W is V-stable, so W = (0) or V, I” = (0) or Vo, and 
V, is U-irreducible. By the same arguments, Vi is U-irreducible. Q.E.D. 
(1.4) Let us assume that V = V. 0 Vi is an irreducible V-module. By 
Quillen’s lemma (e.g., [3]) C= 1. Id,, A EC. Using (1.2) and (1.3), we see 
that Q I y, = qi Id,, i = 0 or i, where {qO, q1 } is the set of solutions of 
4x2 - (83, - 1)x + 2A(22 - 1) = 0, namely {qo, qi} = (81. - 1 f 
(1.5) A representation of G or G0 is a Harish Chandra module if Y is 
diagonal, with finite dimensional eigenvalues. All irreducible Harish Chan- 
dra modules of Go are computed in [9]. All irreducible Harish Chandra 
modules of G are computed in [3]. Obviously, finite dimensional G or G,J 
modules are Harish Chandra modules, and it is known that they split into 
a direct sum of irreducible submodules (e.g., [S] for the case of G). This 
is no longer true for infinite dimensional Harish Chandra modules of G or 
Go [31. 
(1.6) In our conventions, we have assumed that modules over 
Z,-graded algebras are always Z,-graded. In this subsection, let us see 
what happens if we forget that V is a Z,-graded algebra and consider 
ordinary (so a priori not Z,-graded) Y-modules. 
(1.7) THEOREM 2. Let V be an ordinary (not necessarily Z,-graded) 
finite dimensional Y-module. Then there exists a grading V = Vo@ VI for 
which V-is a Z,-graded Y-module. 
Proof: As a Go-module, V splits into a direct sum of irreducibles, so Q 
is diagonal. Using (1.2) it results that C is also diagonal. We write V = 
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c AEn W,, where W, = {u/0 = JJ} # (0). Obviously, W, is a Y-module, 
and if we prove (1.7) for W,, it will be true in general. So we can assume 
that C=lZdv. Using (1.4), we see that V=S,@S,,, where {q, q’j = 
(82 - 1 f Jm)/8, S, and S,, are the eigenspaces of Q of eigenvalue q 
and q’, respectively. Note that q # q’, since q = q’ implies C = -h, and 
then q = q’ = -A, which does not correspond to any finite dimensional 
representation of Go. 
From the definition (l.O), one has C= Q - (E, E- - Ep E+)/2, and we 
compute 
2E,C=E+C+CE,=E+Q+QE+-(E;E--E-E:)/2 
=E+Q+QE+-[F,Ep]/4 
so 
2E,C=E,Q+QE,+E,/4, 
and by similar computations 
2EpC=EpQ+QEp+E_/4 
Therefore, if VE S,, we obtain 
QE, V= (21 -q - l/4) E, V= q’E+ V, 
QE- V= (21, -q - l/4) E- V= q’E_ V, 
(1.7.1) 
(1.7.2) 
and the same formulae exchanging q and q’. This proves that E, maps S, 
into S,, and S,, into S,. Moreover, S, and S,, are obviously Go stable, so 
if we set V0 = S,, Vi = S,,, for the grading V= V0 @ Vt , V is a Z,-graded 
V-module. Q.E.D. 
(1.7.3) COROLLARY. Let V be a Z,-graded irreducible finite dimen- 
sional Y-module. Then V is an ordinary irreducible Y-module. 
Prooj Let V = V, @ VI. As a Go-module, V is semi-simple with isotypi- 
cal components V, and V, (1.6). If W is a (not necessarily homogeneous) 
G-submodule of V, W must reduce on the isotypical components, so W is 
homogeneous, and W= (0) or V. Q.E.D. 
(1.7.4) As a consequence of (1.7), (1.7.3), and (1.5), any finite dimen- 
sional V-module reduces into a direct sum of irreducible submodules. We 
shall make free use of this property in the remainder of the paper. 
Moreover, by (1.7.3), Burnside’s theorem holds for (Z,-graded) finite 
dimensional irreducible V-modules. This means that if (n, V) is a 
V-module of type 9(h), then n(V) = End V. 
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2. PROOF OF THEOREM 3 
Obviously, Y is a filtered algebra, and by P.B.W., Gr Y is isomorphic 
to C[ Y, F, G] @ /i(E+ , E_), which is not entire, and so the standard proof 
cannot be applied. Our proof will make use of a less refined filtration, but 
first, we need some computational lemmas: 
(2.1) LEMMA. The following formulas hold: 
E”, p = ( Y - 42)” E”, , Ep Y” = ( Y + p/2)” E” a, p, n E N 
E- EZ,” = EYE- + (n/2) E2,“- ‘, 
2n+l_ E-E, --E ‘:+‘Ep+(Y-(n/2))E2,” nsN 
E+E~“=E~“E+-(~I/~)E~“-~, 
2n+l- E,E- E*“+‘E+ + (Y+ (n/2)) E2” -- ~ nfzN 
E”,E[ = &E[Ea+ + c P,(Y)E’_E$, 
i<b 
jc1 
&BEN where Piie @[ Y]. 
Proof: E, Y= (Y- l/2) E,, Ep Y= (Y+ l/2) E-, we check by induc- 
tion. E, Y” = (Y- l/2)” E, , Ep Y” = (Y+ l/2)” E-, and then we have the 
two first relations. Using E- F = FE- + E, , we obtain by induction 
E-F”= F”E- + nF”-‘E,. Since F= 2E:, we deduce the third relation, 
and then the fourth one. The two next ones are deduced from the same sort 
of arguments. 
The last formula is then true for c( = 1, and easily obtained in general by 
an induction using the first proved formulas. Q.E.D. 
(2.2) PROPOSITION. The set { Y”E”, EC, n, c(, /I E IV} is a basis of Y. 
Proof: By the P.B.W. theorem, { Y”E”, Eb , n E N, a and b = 0 or 1 } is 
a basis of Y. Since F= 2E:, G = -2E5, the result follows by 
straightforward computations using Lemma (2.1). Q.E.D. 
(2.3) We now define a new filtration IV&), kE N} of -Y by 
Actually, it is not obvious that such a definition gives a filtration, and 
this will be demonstrated in the following proposition: 
(2.3.1) PROPOSITION. One has V&V&.) c V’&+kz,, Vk, k’c N. 
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Proof: It will be enough to prove (2.3) for monomials: 
u= rE”,E:, v= Y”E”IEc, cr+fl<k, ci’+fl’<k’ 
.v=Y.(Y+;-;rE:(E’E$)EB: 
= r” ( Y+;-;r E”,(fE:E”+ c P,(Y)E:Ei E!? ids, ) by (2.1). 
i<B 
Therefore, uv E <k + k’j. Q.E.D. 
(2.3.2) We now introduce 4 =Gr Y, by 4 =&<,-, pk, where 
Q” = qo,, and Qk = qkj/qk- ,) if k > 1. Given u E V, there exists a unique 
k such that ~~~~~ and ~&*y;~~~); we set ti=u+~k-rI). The product on 
4 is now defined by U . U’ = uu’ + Tk + k, _ r,. 9 is a graded associative -- 
algebra. From (2.2), we see that the set { Y”E*, i?! , n, LX, /I E fV } is a basis 
of 4. Let us now characterize 9 a little more: 
From the relation E-E, = Y-E, E-, we deduce E-E, = -E, E-, 
and therefore [E+ , E-1 = 0. Similarly, one easily shows that the following 
commutation rules hold in 9: 
- - 
[ Y, F] = F, 
- - 
[Y, G]= -G, 
- - 
[F, G]=O 
- - 
C K E, I = k&/2, 
- - - - - - 
[F,E+l=[F,E~]=[~,~~]=[G,E+]=O 
[E+,E+]=F, [E-,E]= 4, [E,, E-1 =o. 1 
(2.3.3) 
Let us denote by G= Go + Gr this new superalgebra, with basis --- 
{Y, F, G} for Go, and {E,, E_ > for Gr. Using the above basis of 4 and 
the P.B.W. theorem, one checks that 7 = V(G). Therefore, filtering Y and 
taking the associated graded algebra 4, we have obtained the enveloping 
algebra of the superalgebra G defined by the commutation rules (2.3.3). 
(2.3.4) Here is an interesting question: what is the relation between 
G and G? Let us answer in the following way: 
We start with the superalgebra G and use a simple Inonu-Wigner 
contraction. We set Y’ = Y, F’ = e2G, E’, = EE+, E E R. We then take the 
limit E + 0 in the commutation rules, and obtain a contraction of G, which 
is obviously the superalgebra G. So, our operation of filtering and then 
grading can be interpreted as an Inonu-Wigner contraction process. 
(2.4) Now we come back to our initial purpose: 
(2.4.1) THEOREM 3. Y is entire. The only invertible elements of V are 
non vanishing scalars. 
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Proof: In order to prove the first claim, using standard results, we only 
have to move that Q is entire. 
Since iE+ , E- ] = 0, we deduce that i?! i?O; = ( - 1 )p” p+ EC. Therefore 
- -cd Y”E + E[ F’E”; Ey = ( - 1)““’ p( y - 42 + /j/2)“’ E;+ %‘Ec+ b’. 
Let us now assume that u = CPzO ,,.,, k up, u’ = C”,‘=,, ,,,, kC z$ and uu’= 0. 
Using the grading, we obtain ukz& = 0. We decompose on the basis: 
U&, = 
n n’ 
a+fl=k s’ffl’=k’ 
= I.,,&,>,~( - 1)“” P( P - cq2 + b/2)“’ E’“,” “Ep’8’ = 0. 
nn’ 
ci+fl=k 
a’ + 8’ = k’ 
Let us denote by deg r the degree of elements in Q with respect to F in the 
- -0L decomposition on the canonical basis ( YE+ i?iB , n, a, /3 E N }. 
So, if degYu,=n,, and deg r u& = nb, one has 
uk = pa 1 ino& EC + U, with deg r u < no 
therefore 
where deg r w  < n, + nb, and we deduce that 
ci+fi=k 
a’ f 8’ = k’ 
Let us now denote by degEi the degree of an element in Q with respect 
to E,. 
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Now, in this summation, there is exactly one term of deg,+ equal to c(~ + & 
which is obtained if c1= c1,, and TV’ = ah. If now we assume that both u and 
U’ do not vanish, we are led to a contradiction, because this assumption 
implies that both &,,,, and &,,. do not vanish, and the above equality 
implies that &,cloL$ab = 0. Therefore Q is entire. 
We now prove the second claim. 
Given u E Y, we set deg(u) = inf{k/u E V(k)}. Since 4 = Gr V is entire, 
one has deg(uu’) = deg(u) + deg( u’) when u # 0 and U’ # 0. The second 
claim follows. Q.E.D. 
(2.4.2) COROLLARY. Let u be a non scalar element of ‘Y. There exists 
a maximal left ideal M such that u E M. 
(2.4.3) Remark. Alternatively, Theorem 3 can be deduced form a 
result of [ 111 about the Ramond-Schwarz superalgebras. 
3. REDUCTION OF THE ADJOINT REPRESENTATION 
The adjoint representation of G in V is defined by 
XEG, UE”tr, ad X(u) = [X, u]. 
We introduce the standard filtration Vn of V. From the P.B.W. theorem 
one hasdimYJVn-,=n2+(n+1)*, n>l. 
We consider the subspaces H, = @, H, = G, H, = the submodule of V2 
generated by F2. Obviously, H, N 9(O), H, 2: 9(l), and H, N g(2), since 
F2 is a dominant weight vector of weight 2. 
Now we set &=Q-3C, f31,2=FEp - YE+ +3/4E,, K,,,= YE_ + 
GE+ + 3/4E_, and V, = span(e,, 9,,2, K,,,). 
(3.1) LEMMA. V, is a G-submodule of v2, and V, 11 $S( l/2). VI and vz 
reduce as 
Proof: OnehasadE+(8,)=adE+(Q)=8,,,,adE-(8,)=adE-(Q)= 
8 -i,*. Moreover ad E+(t31,2) = (ad E+)* (Q) = [[E+E+], Q] - 
[E, [E,, Q]] = -(ad E+)* (Q), therefore ad E+(8,,2) = 0, and by the 
same argument ad E-(0- 1,2) = 0. 
Now, 
~~~~~~~,2~=~~~-~~~~+~Q~~=~C~-,~+1~Ql-C~+,C~~,Qll 
= -ad E+(ad E-(Q))= -ad E+(K,,,). 
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And finally 
ad E-(0,,,)= [Ed , FEN- - YE+ + iE+] 
=E+E~m -FG-$E E+-Y2+iY 
=E+Ep-(Q+Y-Y’)-iY+;E+Ep-Y*+zY, 
since Q=FG- Y+ Y2 
=;E+E- -Q-$Y=;(Q-C+iY)-Q-;Y. 
since C= Q- 4(2E+ EP - Y) 
= i( Q - 3C) = $I,,. 
This proves that V, is G-stable, and since 6)r,* is a dominant weight 
vector of weight 4, which generates V,, we obtain V2 N g(i). 
The sum H, 0 V, is direct because H, and V, are irreducible 
inequivalent G-modules, the sum V, @ CH, is obviously direct because C = 
Q-i(E+E_-E-E+) is not in q, and the sum H,@V,@~@CH, is 
direct because H, is of type g(2), V, is of type LB(i), and VI @ CH, is of 
type W 1) 0 WI. 
Finally, dim(H2@V,@CH,)=9+3+1=13=dim~2-dim~~. 
Q.E.D. 
We need some more notations: 
We denote by H,, n z 0, the G-submodule of ^y^ generated by F”; 
by Vn, n B 2, the G-submodule of Vn generated by F”- 20,,2. From 
ad E+(F”)=ad E+(F”-28,,2)=0, and ad Y(F”)=nF”, ad Y(F”P28,,2)= 
(n - 5) F”P2t9,,2, we see that H, 21 g(n), and V,, 2: g(n - 5). Finally, we set 
v,= v, = (0). 
(3.2) PROPOSITION. The reduction of the adjoint representation of G on 
“$ is given by 
“+‘;==,-~,@A,,, 
where 
A,=H,OV,OCH,~,OCV,~,OC~H,_~OC*V,~~O . . . 
0 
1 
@‘Ho @ Cnf2 VO, if n is even 
C(n~1)/2H10C(“-1)/2V,, if n is odd 
AS a G-module, A,, reduces as 
A.=9(n)O9(n-$)@9(n-2)@9(n-s)@ . . 
if n iseven 
if n is odd. 
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Proof: The result is true for n = 0, 1, 2, from (3.1). By induction, we 
assume that it is true up to rank (n - 1). 
First, we note that the map u + Cu is a G-morphism, injective since Y” 
is entire, and so 
= CH,-, OCV,,-,0C2H,~40C2Vn~40 ... 
~~(n-2)0~(n-~)O~(n-4)0~(n-~)O . . . 
@ W) 
{ 
if n is even 
2(l) if n is odd. 
Second, we note that H,@ V, is direct, since H, 2 g(n), V, N s(n - 3). 
NOW, we have to prove that “y^ = qz _, @ CA,- 2 @ H, @ V,. Assuming 
that u~v~‘,-, nCA,-,, we get u=Ca, aEA,-*; if a#O, then CZ=O, and 
we get a contradiction to (2.4.1), so a = u = 0. 
We now compute (H,0V,,)n(Y~T,,@CA.-2). H,1:9(n), V,E 
9(n - ;), and such types do not appear in the reduction of YH ~ r @ CA, _ *, 
so the intersection vanishes. 
We have proved that the sum is direct, and finally it remains to show the 
equality with “y;,. We compute: 
dimH,+dim V,+dimA~P2=(4n+l)+(4n-5)+(n-2)2+(n-l)2 
=n’+(n+ 1)’ 
=dim Yn-dirnYMP,. Q.E.D. 
(3.3) COROLLARY. The center of Y is the polynomial algebra IZ[C]. 
(3.4) THEOREM 4. Define 2 = C, .,(H, 0 V,). SF is a G-submodule of 
Y (for the adjoint representation) and reduces as ~?==~.~9(n)@ 
c nTO 9(n + 4). Given any complex number 1, denote by ,a], the two sided 
ideal Yj.=(C-;l)Y. Then Y=.#@Oj.. 
Proof: The decomposition of (3.2) can be written 
Y= c CPSP. 
pa0 
This sum being direct, it is obvious from (2.4.1) that the sum 
Cpao(C- 2)” 2 is also direct. We prove by induction that 
cp=o ,.._, n cp-@=cp=o ,.__, n(C - A)p A?. It is true if n = 0, we assume that it 
is true for (n - 1 ), and consider x E C,, = o, _,,, n CpX. We have 
x=C”a+<, with [E c CpXc c (C-E.)pP, and aE2. 
P = 09 ..-9 n- 1 p = 0, . . . . n -- 1 
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Moreover 
x=(C-A)“a+ (- 
c 
c (-l)“PkC1;PV% 
k = 0. . . . ,I ~ I > 
=(c-Ay.+(‘, 
with r’ E 1, = o, . ,, - , CpX c C, = o, . ,, _ ,( C - n)p 2”. Therefore, we obtain 
that Cp=o ,..., n Cpx’ = Cpzo, ..,, , (C-A)pX, V~EN, and since y- = 
c p a o CpX, we conclude that V = zp a o( C - 2)” 2. Q.E.D. 
4. THE QUOTIENT ALGEBRA B?i 
Let us note 99i = V/( C - A)V, and similarly B, = U/(Q - q) U, 1, q E @. 
The structure of B, is well known (e.g., [S, 11). 
From the natural Z,-grading V = V0 @ Vi, we get a Z,-grading J?J~ =
6Bj,0 0 9Jj.r. Given u E V”, we denote by ii its canonical image in ~j.. Using 
(1.2), we see that the equality 
(&-413X&-9i)=O 
holds in B*, if { qO, qr } is the set of solutions of 
4x2-(8;>-1)x+21(21-1)=0. 
(4.1) 
If i # - &, one has qO # qr ; if 2 = -h, one has qO = qr = - 5. As a conse- 
quence of (4.1), a), is never an entire algebra; equivalently, the ideal 
(C - 2) V is not completely prime. 
(4.2) The reduction of the adjoint action of G in ~j, gives 
gj.= 1 Rn@ C vn, 
n20 I, 2 2 
where fi, ‘v 9(n) is generated, as a G-module, by F”, and vn ‘Y 9(n - 5) is 
generated by Fn-*g,,* (see Section 3). 
(4.3) PROPOSITION. Assume that 2 # -A, then ~8~~ z B,, x B,,. As an 
algebra, ST4 is generated by GO; as a ?Jj.,-module, gj. is generated by 1, E + , 
and E-. 
Proof: Since qO#ql, we can define lo=(e-ql)/(qo-qi), li=(&qo)/ 
. 
(qr - qO) and check that 
l,+l,=l, lo’li =O. 
ENVELOPING ALGEBRA OF OSp(l, 2) 233 
From these identities, we deduce 1 i = 1 n, 1 f = 1 i . We define linear 
mappings P0 and PI by 
PO(U) = 10% Pi(U)= liU, for U E ~j.0. 
Obviously, PO and Pi are projections, and ~j.0 = Pn(93),,) @I Pi(9?>,,). Let 
A,, = Po(~i.*L Aq = Pitgj.,). 
Using the P.B.W. theorem and the relation i?+ B- = 0 -A + $y, we see 
that ~8~~ is generated, as an algebra, by Go, and that aj, is generated (as a 
g*,,-module) by 1, E,, and 8-. Moreover, one has 
P,(uo) = P;(u) P,(u), 
- - 
Vi=O, 1, u, VE!?~),~ 
It then results that A,, and Aqi are unitary subalgebras of &Jj.O, with respec- 
tive neutral element 10 = Po( 1) and 1 t = Pi( 1). Moreover A,, . Aqi = 0 and 
gA,, is the direct sum of the two ideals A,, and Aqi. We compute PO(o) = 
lC,li+qOl~=q~lrj, PI(e)=lIlo+qili=qili. 
So the canonical morphism cpO (resp. vi) from U onto A,, (resp. Aa) 
defined by the relations cpO( Y) = PO( P), cpO(F) = PO(p), q+,(G) = PO(G) 
(resp. qr( Y) = Pi( 8), VI(F)= Pi(P), cpr(G) = Pi(G)) induces a morphism 
(that we denote by the same letter) cpO (resp. qi) from B,, (resp. B,,) onto 
A,, (resp. A,,). Now, it remains to prove that cpo and vi are one to one. 
Using (3.2) and (3.3), we easily deduce that the adjoint representation of 
Go on 9?A0 reduces as gAO N C,.O(D(n) @ D(n)). It is well-known that the 
adjoint representation of Go on B,, reduces as B, z C, a 0 D(n). 
Actually, A,, and Aqi are Go submodules of %?j-O (for the adjoint represen- 
tation); moreover, one has gj.O = A,, 0 Aqi, and they are quotients respec- 
tively of the GO-modules B,, and B,,, so, using the above reductions, we 
obtain that necessarily A,,=C,.,D(n), Aqi -xRaOD(n), so cpO and qr 
are one to one. Q.E.D. 
(4.4) COROLLARY. Setting 4, = (C - L)V, J, = $j~ n U, and assuming 
that A # -&, one has Ji. = (Q - qo)(Q - qr) U. 
Proof: From (4.3), U/J, = A?j.O N B,, x Bqi, so J, = (Q - qO)V” n 
(Q-qr)llr=(Q-q0)(Q-qi)~, becauseq,+qi. Q.E.D. 
(4.5) Remark. Non trivial relations hold in the %9j.,-module 9A between 
E, and E_. For instance, one has FE- = E_ F- E, and F = 2E_i, so 
FE-=(2E_E+-l)E+, 
(21- l-2&+ 8)E+ =o. 
but E-J?+ =~--~+~~, so we obtain FE.. - 
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5. IDEALS OF THE ALGEBRA BA, A= h(2h+ 1)/2, 2h~ N 
In this section, we assume that /1 =h(2h + 1)/2, 2h E IV. There exists 
exactly one irreducible finite dimensional representation rr of G for which 
rc(C) = h(2h + 1)/2; it is the representation 9(h). Any representation of G 
can be reduced as a sum of irreducible ones, so any finite dimensional 
aj,-module is semi-simple and isotypical of type .9(h). 
(5.1) PROPOSITION. Let 9 be the kernel of the representation 9(h) of 
gJ.. Then one has 3’=~,,3Zh+l ~,,@IC,,~~,,+~ v,, and dim[gJY] = 
(4h + 1)‘. 
Proof: Let W= W, @ WI be a space on which G acts by 9(h). AS 
GO-modules, one has W, 1: D(h) and WI N D(h - 4), so the operator F2h+ ’ 
vanishes on W. 
Moreover F2h0 1,2=~2h+1~p -F2h~~ ++F*~E+, 
these operators vanishes on W, F2h0,,2 vanishes on W. 
and since each of 
This proves that P’“” and F2h81,2 E 9. But 9’ is a two sided ideal, so 
it is also a G-module for the adjoint action, so p,, c 9, V’n 2 2h + 1, and 
p,,c.Y, Vn32h+2. We conclude that $Px~,,~~~+, i?n@&a2h+2 8,. 
By Burnside’s theorem (1.7.5) dim(?8jjY) = (4h + l)*. But dim(C,,2h t?, 
oc n<2h+1 k,)=P+ 1)‘. SO we obtain ~==Cn~2,,+I fi,,@C,,>2,,+2 k 
Q.E.D. 
(5.2) Up to now, we only know one primitive ideal of g*: the ideal 9 
of (5.1) which is of finite codimension, and related to the irreducible finite 
dimensional representation 9(h). Using Burnside’s theorem (1.7.5), we see 
that .Y is completely prime if and only if J* = 0. In general, Z’is prime. 
On the other hand, from [3, Theorem 4.2.13)], 9?A has a large number 
of infinite dimensional irreducible representations. Let us compute the 
kernel of these representations: 
(5.2.1) PROPOSITION. 9’ is the only non trivial two sided ideal of LB;,. 
Any irreducible infinite dimensional representation is faithful, and Bj, is a 
primitive algebra. 
Proof Let f # (0) b e a two sided ideal of ~8): First, we show that 
dirn[~J~] < +co: 
Since 2 is a G-module for the adjoint action, there must exist n such that 
i7,cf or V,,,+,c,$. 
In the first case, Fn E $J, so Frn E y, Vm > n, and since the G-module fim 
is generated from p,,,, we obtain that C,,, a n 8, c d. Moreover, F”$ii2 E 2, 
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Vm > II, so by the same argument, C, a n p, + z c f. From these inclusions, 
we conclude that dim[@J$] < +co. 
In the second case, P”g,,, = F” ad E, (8,) E f, so ad E_ (pn ad E, (&)) 
E f. From the proof of (3.1) one has ad E_ ad E, (8,) = -k +8,, so 
adE-(~:“adE+(8,))=nE+P”~‘adE+(8,)+fP”i7,~~. 
Therefore, we obtain F”+ ‘8, E 9. 
Notethatusing(1.2),onehas48~+(16C+1)8,+C(16C+l)=O.So,if 
3, # 0, 8, is invertible in ?Ji, and its inverse is given by 
go’= -I-‘[1 +4&/(161+ l)]. 
Therefore, F” + ‘go8; ’ = p”+ i E 9, we are back to the first case, and 
dim[gA/gP] < +co. 
Now, let us assume that 1b = 0. 
By (1.7.2), 2E, C= E, Q + QE, + :E+. 
Since i = 0, we have &, = e, so we obtain 8, = -4(,!?+ 8, + e,e+) 
(1.7.1) and P=28: = -S(E+g,,E+ +gO,!?:). 
We compute u = E+(P”+‘i?,) E+ + (Pnf ‘8,) i?: ~2 and obtain 
u=F”+‘(E+&,E+ +&,&)= -$n+2~f, 
so we come back to the first case, and conclude that dirn[gJy ] < +co. 
If we assume that 4 # ~j., since 98). is noetherian, we can find a maximal 
left ideal M which contains f. The gi-module BA/M is irreducible and 
finite dimensional, so it is isomorphic to 9(h), and its kernel is 9. But 2, 
being a two sided ideal contained in M, is contained in the kernel of BjM, 
so $cY. 
Let us introduce the finite dimensional algebra @? = gA/%. Any %-module 
is obviously a a;,-module, so 9? has only one irreducible module, namely 
9(h). Moreover, since any finite dimensional Y-module is semi-simple (see 
(1.7.5)), any finite dimensional ‘%‘-module is semi-simple, and by the way, 
%? as a module over itself is semi-simple. This proves that V is a simple 
algebra. 
Consequently, the only two sided ideals of $? are the trivial ones. There- 
fore Y/f = (0) or %?. If Y/f= {0}, we get 9 = f. Y/f = $9 is excluded, 
because $P # 98). implies that dim Y/y < dim[99Jy]. Q.E.D. 
6. IDEALS OF THE ALGEBRA gi., I# h(2h+ 1)/2, 
2hEb, AND3.#-& 
In this section, we assume that II # h(2h + 1)/2, 2h E f+J, and 1# -&. 
(6.1) LEMMA. If A# h(2h + 1)/2, 2h E N, Bj, has no finite dimensional 
representation. 
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Proof: Let I/= V0 0 I’1 be a finite dimensional representation of gj,. 
Then V is a G-module, so it reduces to a direct sum of irreducible sub- 
modules. But C acts on V as the scalar A, and C acts on an irreducible 
module 9(h) as the scalar h(2h + 1)/2, 2h E N, so there is a contradiction. 
Q.E.D. 
(6.2) PROPOSITION. 1f 2 # h(2h + 1)/2, 2h E N, and 1, # -A, SJA is a 
quasi-simple algebra. 
(6.3) COROLLARY. Under the same assumptions, GJi. is a primitive 
algebra. 
Proof. Let f # (0) be a two-sided ideal of gA. Using arguments similar 
to the proof of (5.2.1), one obtains dim[gJy] < +co. 
If 2 # aA, SJj,/2 is a finite dimensional gA-module for the canonical left 
action, but such modules do not exist by (6.1). So 2 = gA. Q.E.D. 
7. THE QUOTIENT ALGEBRA 9S~,i,6~~~ THE WEYL ALGEBRA 
Let .% -1l16= V/(C+ &)V. In .K,,,6, (1.2) becomes 
@+ &)‘=O. (7.1) 
(7.2) LEMMA. K1,,6 has no finite dimensional representation. 
Proof: See (6.1). 
Our first proposition shows that S?P1,,6 is very different from the general 
LA?~., I # -l/16. 
(7.3) PROPOSITION. Let .T = (Q + &) g’_ 1,16; then .? is a two-sided ideal 
of K,,16. One has 3’= (O}, so %? -.,, 16 is neither a semi-prime algebra nor 
a primitive algebra. 
Proof: By (1.7.1) and (1.7.2), one has 2E+C=E+Q+QE+ +$E+, 
2EpC=E_Q+QEp+& so: 
E+(Q-3C)= -(Q-3C)E+-(16C+l)E+/4, 
Ep(Q-3C)= -(Q-3C)E--(16C+l)Ep/4. 
(7.3.1) 
From (7.3.1), we deduce that 9 = (Q - 3C)V + (C + A) V is a two sided 
ideal of V, and therefore 3 is a two sided ideal of %,,,,. 
Moreover, using (7.3.1) once more and (7.1), we see that given a product 
(e + A) b(Q + A) b’ in sK,,,~, there exists b”EX,,,, such that (0 + &) 
b@ + &J 6’ = (D + 3)’ b”b’ = 0, so -7’ = (0). 
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Finally, 3 # 5% 1/16: if not, there would exist b such that (g + &)b = 1, 
and then 0 + & = (0 + &)’ b = 0, which is a contradiction. This proves 
that & I,,6 is not a semi-prime algebra, and, a fortiori, is not a primitive 
algebra [6]. Q.E.D. 
(7.4) Let us now give a brief introduction to the Weyl algebra, e.g. [4]. 
We introduce the space V= C[x], graded by V0 = span{x’“, n E IV }, Vr = 
span{x2n+‘, n E FV }, and the two linear operators p = d/dx and q = x. One 
has [p, q] = 1. We denote by A the algebra generated by p and q, which 
is naturally graded as A = A0 @ Ar by the graduation inherited from the 
graduation of V. Given c1 E A,, i = 0 or T, we set deg a = i. The set { p”q”, 
n, m E N } (resp. { p”q”, n + m even}, resp. {p”q”, n + m odd} is a basis of 
A (resp. of Ao, resp. of At). From Lie’s viewpoint, A can be given the two 
following structures: 
l the Lie algebra structure defined by [a, bly = ab - ba, a, b E A, 
l the super algebra structure defined by [a, b] = ab - 
C-1) degadegbba, aEA,,,., bEAdegh. 
We define y = i[p, q], f = iq2, g = -ip’, e, = $4, eP = ip. The sub- 
space of A generated by these elements is a super algebra isomorphic to G 
which we denote by the same letter. Since G generates the algebra A, we 
deduce a morphism 4 from Y onto A. It is easily seen that 
d(Q)=d-+.v+~~= -&, and d(C)=@(Q)-$e+,e-I,= -k. 
Therefore, 4 induces a morphism (which we denote by the same letter) 
from B-1,,6 onto A. 
We define a filtration Ak, k~ N, by Ak = span{p”q”, n + m 6 k}. One 
has CL &I ~&+k,-2, and therefore CC,, Aks] = [Go, AkC’Iz c Aks. 
Moreover, from the formulae [p, qm]y=mqm-‘, [q, p”lin = -PZ~~-~, we 
deduce 
Therefore [p, Azk] c Azk, and the same holds if p is replaced by q, so 
[G,, A,,] c A,,. This proves that A,, is a G-submodule of the representa- 
tion n defined by 
XEG, aEA, 4JXa) = LX al 
Let us denote by W, the G-submodule of A,, generated by Fk = fkq2k. 
Since Fk is a dominant weight vector of weight k, we obtain wk N 9(k). 
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(7.4.1) LEMMA. The reduction of the representation 1~ on A,, is 
AZk= 1 Wi= c 9(i). 
,=O, .., k i = 0. k 
Proof: The result is true for A,, N 9(O) and A, E 9(1)09(O), so, by 
induction, we assume that it holds for AZkP 2. 
The G-submodule W, c A,, is isomorphic to 9(k), so dim W, = 4k + 1, 
and W,n Alke2= {0} since the reduction of A,,-, does not contain 9(k). 
But dim AZk--dim AzkP2= 4k+l=dim W,, so A,,=AZkp2@Wk. 
Q.E.D. 
(7.5) PROPOSITION. As in (7.3), let ,? = (0 + &) K,,,,, and let q5 be the 
canonical morphism from BP 1,16 onto A defined in (7.4). Then Ker 4 = 3 = 
c ,,a2 t,, $0 K1/d3 ‘v A. 
Proof. We have a G-morphism 4: & ,,,6 N C, a o 9(n) 0 C, a 2 9(n - 5) 
onto A = En a o 9(n), so necessarily Ker 4 = Ena 2 pn. Since (Q + &) E 
Ker q%, one has 3 c Ker 4. 
One has D + & = 8,, and from (3.1), as a G-module for the adjoint 
action, r,, is generated by FnP 2g,j2 = P”-- ’ ad E+ (8,). 3 being a two sided 
ideal (7.3), it results that vn c 9, Vn 2 2, and then that Ker 4 = 3. Q.E.D. 
(7.6) COROLLARY. .$ is a primitive and completely prime ideal of B8 l!,6. 
Proof Since A N g’_ ,,,6/CF, .7 is primitive from the given definition of 
A. It is well known that A is entire, so .a is completely prime. Q.E.D. 
(7.7) PROPOSITION. 3 is the only non trivial two-sided ideal of K,,,6. 
Proof: Let 4 be a two-sided ideal of 9Z_,,,6, and let us assume that 
y#{o}Jny 1 is a so a two-sided ideal, and if 3 n f # {0}, since .? n f 
is a G-module for the adjoint action, there must exist n such that p, + 2 c 
3nf. So P”~,,,E.T~$, therefore Fm81,2~dny, Vm>n, and 
c k+2 m3n cJn9. Since .?=C,,,ao p,,+2, we have dim[99’/3ny]< 
+ cc. If .7 n $ # 3, 313 n f is a finite dimensional BP ,,,,-module for the 
canonical left action, so there is a contradiction with (7.2), and necessarily 
3 n f = 3. If we assume that the inclusion 3 c f is strict, there must exist 
k such that I?, c f, so Fk E f, and Frn E f, Vm > k. Since A,,, is generated 
(as a G-module for the adioint action) by F”‘, we can conclude that 
c m>k Jlmc@K 
Now 3=cmao v,+,cf, Cmakfi,cy, therefore dim[&,,,,/2]< 
+co. If $ # & ,,,6r BP i,,i6/y is a finite dimensional gP ,,,,-module for the 
canonical left action, and such modules do not exist by (7.2), so 
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Let us now assume that 3 n $ = (0). If 9 # {0}, since +9 is a G-module 
for the adjoint action, there exists n such that i?,, c 2, so Fin E f. But then 
P”g,,, E 3 n 3, and we find a contradiction. So f = (0). Q.E.D. 
8. PROOF OF THEOREM 5 
In this section, we prove Theorem 5 (see the introduction for notations). 
(8.1) Proof of Theorem 5. (1) (2) (3), (4) are direct consequences of 
the results in Sections 4, 5, 6, 7. 
In order to prove (5) we need the following lemma: 
LEMMA. Let AEQ then ~,,~O(C-Iz)‘zV= {O}. 
ProojI From the decomposition V = C, a,,( C - n)fl 9 of (3.3) we 
deduce that Y’“=A?@(C-3,)X@ ... @(C-A)“-‘X@(C-jti)“V, for 
any n. Now, from the first decomposition, given u E Y, u # 0, there exists 
n, such that u E x::,‘(C- A)n R”, and so far, there exists no such that 
u~(c-n)‘~“v-. Q.E.D. 
Proof of (5). Let I# (0) be a prime ideal of V. Then there exists a 
maximal left ideal M such that Zc M. The V-module V/M is irreducible, 
and Z is contained in its kernel I,. From Sections (5) (6) and (7), we see 
that there are three cases: 
(1) Z,=(C-l)V, 12 -&. In this case, let J= {KEY, (C-jU)j~Z}; 
then J is a two sided ideal of V containing I. Denote by 1, and J the - - 
canonical images of I0 and J in the prime algebra V/Z. Since Z,J= {0}, 
one must have I,,= {0}, or .Z= (0). But I,= (0) implies that Z=Z,, 
and J= { 0} implies Z=(C-A)Z, so Z=(C-;l)“Z Vln, and Zc 
fi,,,,(C-A)n Y= (0) by Lemma (8.1) so we are done. 
(2) ZO=Ker g(h), 2hE N. Set A= h(2h+ 1)/2 and J= {JEV/ 
(C - n)j~ Z}. Denote by 3i and 1 the canonical images of 4, and J in the 
prime algebra V/Z. Since c4, J= (O}, one has & = { 0} or J= (0). If 
J= (O}, we get Z=(C-A)Z, so Zcfl,,.,(C-A)“V= (0) and we have a 
contradiction. If gj, = {0}, we obtain Yj, c I. Denote by 7 and To the canoni- 
cal images of I and I, in the algebra aj. = V/Y;‘,; from (5.2.1) we obtain 
either 7= {0}, and then I= .Yj,, or r”= 7,, and then I= Z,,. 
(3) Z,=.P. Once more, we introduce J= {~EV’/(C+&)~EZ}, and 
using the same arguments as in the preceding case, we conclude that 
9 -,,i6 c I. Denote by 7,, and I” the canonical images of Z, and Z in the 
algebra g itLb = V/A li16, using (7.7) we obtain either I”=l,,, and then 
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I= I,,, or 7= (01, and then I=9 ,;,6, which is excluded since Ymlilb is not 
prime. 
Actually, we have proved that a prime ideal is {O}, or a prime ideal in 
the list. A non-zero primitive (resp. completely prime) ideal is prime, so it 
appears in the list. Q.E.D. 
Proqf qf 6. All ideals in the list are primitive except .B_ 1,,,6, which is not 
prime. Q.E.D. 
is completely prime by Theorem 1, but cannot be 
pri(!;2,i,~~~“;;“uille!l’J lemma. 
(8.3) Remark. In [2], the following questions were raised: given a 
superalgebra G = Go 0 Gi, 9” its enveloping algebra, U the enveloping 
algebra of Go, $ a two sided ideal of Y, J= $J n -I/‘, if $ is prime, is J 
prime? if f is primitive, is J primitive, prime? 
Now we set G = osp( 1,2), and we answer these questions in the negative. 
Take 2 = &, 3. # -&, then 4 is primitive, so 3 is prime. Using (4.4) 
J= (Q - qO)(Q - 41) U, with q0 # 41, which is obviously not prime, and 
a fortiori not primitive. 
9. KRULL DIMENSION OF A SUPERALGEBRA 
In this section, we assume that G = Go@ Gt is a (general) superalgebra, 
we denote by Y its enveloping algebra, and by U the enveloping algebra 
of its even Lie subalgebra GO. 
(9.1) THEOREM 6. One has SK dim -Y- = K dim V” = K dim U. 
ProoJ First, we prove that Kdim U6sKdim V: 
By the P.B.W. theorem, there exists a finite homogeneous basis (u,, 
i=O 7 .“, p} of the right U-module V”. Given a left ideal A4 in U, we set 
.A? = c u;M. 
I = 0. p 
Obviously, J% is a Z,-graded left ideal in V. Let us denote by I the set 
of left ideals of U, by Ce. the set of graded left ideals in V, and by 4 the 
mapping from Z into .$ defined by 4(M) = &?‘. 
It is immediate that 0 is an increasing mapping for the natural ordering. 
Let us show that it is stricly increasing: 
We assume that M c M’, and .I = A’. Writing M’ = M@ V, we deduce 
that A’=JY@C~=~ ,.,,, ,uiV, so V= {0}, and M=M’. 
Now, we can use [6, 3.5.2) and conclude that K dim U d sK dim V. We 
then prove that K dim V < K dim U: 
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Using once more the P.B.W. theorem, there exists a finite basis {u;, 
i=o , .*., p} of the left U-module V. We fix u0 = 1. Any element u in V can 
be written 
u= c cc,(U)Ui, Cli(U)E u, i=o, . ..) p. 
I = 0, p 
Given an ordinary left ideal .Y%? of “Y-, we define 
O<k<pp, A$= {mEA?/q.+,(m)=cc,+,(m)= ... =x,(m)=O}, 
and Jl$ = dtif . 
Let 9 be the set of ordinary left ideals in Y’. 
We set fk(A) = { dm), m E J&, 0 <k d p}. Obviously, .f,(&) is a left 
ideal of U, so we define an increasing mapping ,f from .Y into IP + ’ by 
.f(Ju = (fo(Jw, f,(d), . ..2 fp(Ja) 
(the ordering on Zp+ ’ is the product ordering). 
Let us show that f is strictly increasing: 
We assume that J? c J?“, f(d) =f(&‘), and we are going to prove that 
J&’ = A’. First, we have A0 = J&‘[~. So we assume proved that J& = ML. 
Let now m’Edb+,; we have m’ = x,(m’) + . . + ak+ l(m’) uk+, . Since 
fk+l(A’)=fk+I(~), there exists meA$+, such that m=cc,(m)+ ... + 
ck+dm’) uktl. We deduce that m’ -m E ,ti;, but since JX~ = J&, it results 
that m’ E A, and so A; + , = J& + , . Therefore -4’ = A. 
Now, we use [6, 3.521 and obtain that Kdim V <dev(ZP+]), where 
dev(lP+ ‘) is the deviation of the ordered set I”+’ (see, e.g., [6]). By 
[6 353) dev(l”+‘)=devI, but devZ=KdimU, so KdimYGKdimU. 
Since 
. . 
sK dim Y < K dim Y, the proof is complete. Q.E.D. 
(9.2) COROLLARY. Ij” G is the orthosymplectic superalgebra osp(1, 2), 
one has K dim V = 2. 
Proof: It is known that Kdim U = 2 [ 121. 
(9.3) PROPOSITION. K dim gJ. = 1, V/1 E @. 
ProoJ Using [6, 3.5111, we obtain K dim gj, < Kdim Y” = 2. So we 
have to prove that %?i is not artinian. But this last claim is obvious, since 
&J;, has an infinite number of inequivalent irreducible representations by 
[3, 4.2.131. Q.E.D. 
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Note added in proof: Since the acceptance of this paper, the following result was proved 
and kindly communicated to me by Professor M. Duflo: 
The enveloping algebra of a complex superalgebra G is enlire if and only if’ the equation 
[A’, X] = 0, X E G i, has the only solution X = 0. 
As a consequence, a simple complex classical Lie superalgebra G has an entire enveloping 
algebra if and only if G is of type osp( 1, 2n), as conjectured in the Introduction of the present 
paper. 
The proof makes use of a result of M. Aubry and J. A. Lemaire (J. Pure Appl. Algebra 38 
(1985). 159) together with an adapted Inonu-Wigner contraction (see, e.g., Section 3). 
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